XLOOPS - GiNaC

H. Spiesberger (Mainz) CA mini-workshop Karlsruhe, 19.5.2004

The GiNaC group:

C. Bauer, A. Frink, R. Kreckel, J. Vollinga

The XLOOPS group:

C. Bauer, H.S. Do, A. Frink, H. S., J. Vollinga

with contributions from:

L. Brücher, J. Franzkowski, R. Kreckel, D. Kreimer

GiNaC: computer algebra in C++

C++ library for symbolic manipulations

History: development started in 1999

first release 0.4.0: Nov 26, 1999 since then ∼ 50 updates present version 1.2.1, April 23, 2004 → www.ginac.de

Motivation: to replace Maple as programming language for the xloops project

GiNaC based projects

• nestedsums: series expansion of transcendental functions (S. Moch, P. Uwer, S. Weinzierl)

• gTybalt: interactive computer algebra system (interfacing GiNaC with ROOT and TeXmacs, S. Weinzierl)

• PyGiNaC interface to Python (P. Peterson)

• feelfem FEM code generation for parallel computation (H. Fujio)

• PURRS The Parma University’s Recurrence Relation Solver (R. Bagnara et al)

Why C++?

• standardized and common language • structured data types, modularization • infrastructure: compilers, libraries, development tools • operator overloading • free software

Requirements • ANSI compliant C++ compiler (gcc > 2.95.3) • CLN (class library for numbers, B. Haible) for arbitrary precision arithmetic

Usage

• C++ program: edit, compile, link, execute • ginsh: a simple interactive shell

(without loops and conditionals) • interface to the C++ interpreter Cint (M. Goto)

Requirements for a CAS (a selection)

• Open system

– to allow proving validity – to allow extensions, improvements, bug fixes (users and developers are identical!)

• Development tools

– to allow distributed development by developers working in parallel or in continuation modularity, object oriented, orthogonality • No hidden limitations

no hidden assumptions, no automatic expansion or simplification • Extensibility, allow linkage to modules written in different languages • Persistence • Compiled language: efficiency for numerial evaluation

GiNaC features • arbitrary precision arithmetic (from CLN: integer, floating point, complex numbers, state-of-the-art implementation of some functions and constants) • simple manipulations: expansion of products, collect, substitutions, pattern matching • normalization of rational functions, polynomial division • matrix operations, solve system of linear equations • indexed objects: momenta, Dirac and color algebra • many special functions (including multiple polylogarithms) • differentiation and series expansion • numerous and flexible output formats and archiving • extensibility for user-defined classes and functions, easy modification of existing classes • numerical integration missing things • solve for non-linear (system of) equations • calculation of limits • symbolic integration • domains: assumptions about the range of parameter values • full support for factorization, non-trivial simplifications

Class hierarchy of GiNaC

Mathematical objects in GiNaC

Test on numbers

GiNaC methods (incomplete overview)

implemented as C++ functions or methods with wrapper functions

• automatic evaluation and simplification • numerical evaluation: evalf, Digits, tests on numbers • accessing subexpressions and substitutions:

nops, op(i), iterators, has, find, info, wildcard,
subs; map function

• polynomial arithmetic

expand, collect, degree, divide, gcd;
normal (cancel gcd, fraction addition)

• matrix operations: evalm, transpose, determinant,

charpoly, inverse, solve

• indexed objects: substitutions, symmetries,

simplify indexed, predefined tensors

• non-commutative objects: ncmul, clifford, color,

dirac gamma, color T, trace

• functions: diff, series

Attributes of expressions (info() method)

Pre-defined functions in GiNaC

Runtime test I (Denny Fliegner test)

Alphaserver, 1GB

expand expression of n variables: 1) e = (∑_{n−1} i=0 a_i )_2 , expand

2) substitute a_0 = − ∑_{n−1} i=2 a_i 3) expand → e = a^2_1 match terms in a sum of ∼ 2n^2 terms

Runtime test II

IA 32

expand �(x) around x = 0

(Mathematica, lower curve: unevaluated polygamma function upper curve: forced evaluation of �_n(1))

Memory usage

Intel-x86

Calculation of Euler numbers (expansion coefficients of 1/ cosh(x))

Runtime of some benchmark tests

Intel P-III 450 MHz, 384 MB RAM, runtimes in sec

“GA” = gave up “CR” = crashed “UN” = unable

Xloops: Toolkit for the automatic calculation of one- and two-loop Feynman diagrams no restrictions on masses, external momenta, tensor degree analytical + numerical results

integration techniques based on work by D. Kreimer (1991-93)

contributions from U. Kilian, J. Franzkowski A. Frink, L. Brücher, R. Kreckel

→ Xloops-MapleV (Oct 1997)

The Xloops group now C. Bauer, H.S. Do, H.S., J. Vollinga

→ Xloops (GiNaC) version 0.1.3 (Nov 2001)

Xloops Concept

Status

• One-loop: up to 4 external legs analytical results (dim. reg.)

• Two-loop: 2-point functions analytical results (divergent part) + numerical results (finite part) 3-point functions in preparation

Graph generation: working, but not yet released Manual in preparation

Integration technique • parallel-orthogonal space of loop momenta

example: 3-point functions two-dimensional parallel space, choose q^μ_1 = (e_1, q_z, . . .), q^μ_2 = (e_2, −q_z, . . .), D − 2-dimensional orthogonal space

l^μ = (l^0, l^1,⃗l_⊥), k^μ = (k^0, k^1, ⃗k_⊥) ∫ d^4l ∫ d^4k = V ∫_{+∞} −∞ dl^0 ∫_{+∞} −∞ dk^0 ∫_{+∞} −∞ dl^1 ∫_{+∞} −∞ dk^1 × ∫_{+∞} 0 k_⊥dk_⊥ ∫_{+∞} 0 l_⊥dl_⊥ ∫_{+1} −1 dz √ 1 − z^2

with z ≠ (⃗l_⊥, ⃗k_⊥)

• tensor reduction

cancel components of loop momenta in the numerator against propagators, partial fractioning • UV-divergences

isolated by subtraction terms • analytical integrations

Cauchy’s theorem, elementary integrations (orthogonal space variables) • one-, or two-parameter integrals over finite domains for numerical integration (using pvegas or parint)

2-loop 2-point topologies

+ factorizing topologies

Example I

one-loop two-point tensor integral ∫ d^Dl l^{μ1} l^{μ2}

[(l + q)^2 − m^2_1 + iρ][l^2 − m^2 + iρ]

code ............................................

1 #include <iostream> 2 #include "xloops.h" 3 using namespace std; 4 using namespace GiNaC; 5 using namespace xloops; 6 7 int main() 8 { 9 symbol q("q"), m1("m1"), m2("m2"), eps("eps"), rho("rho"); 10 lst C;

11 ex T = OneLoopTens2Pt(2, q, m1, m2, 1, 1, rho, eps, C); 12 cout << "Tensor structure: " << T << endl; 13 cout << "Coefficients: " << C << endl; 14 return 0; 15 }

............................................

output

1 Tensor structure: q~mu1*q~mu2*C20 + eta~mu1~mu2*C21 2 Coefficients: { C21 == -(3-2*eps)^(-1) 3 *OneLoop2Pt(0,2,q,m1,m2,1,1,rho,eps), 4 C20 == (3-2*eps)^(-1)*q^(-2) 5 *OneLoop2Pt(0,2,q,m1,m2,1,1,rho,eps) 6 + q^(-2)*OneLoop2Pt(2,0,q,m1,m2,1,1,rho,eps) 7 } calculate coefficient ............................................

1 ex res = ((C.op(1)).op(1)).subs(m1==m2); 2 cout << "Coefficient C20: " << endl;

3 cout << ((res.series(eps==0,2))).normal() << endl;

............................................

1 Coefficient C20:

2 (-(1/12*I)*Pi^2*q^2+(1/2*I)*Pi^2*m2^2)*eps^(-1) 3 + (-(1/2*I)*Pi^2*m2^2*log(Pi)+1/12*Pi^3*q^2 4 -(1/6*I)*Pi^2*m2^2*log(m2^2) 5 -(1/2*I)*Pi^2*m2^2*Euler+(1/12*I)*Pi^2*Euler*q^2-(2/9*I)*Pi^2*q^2 6 +(7/6*I)*Pi^2*m2^2-1/3*Pi^3*m2^2+(1/12*I)*Pi^2*log(Pi)*q^2 7 -(1/12*I)*Pi^2*R2ex1(I*rho-m2^2,-1/4*q^2)*q^2 8 +(1/3*I)*Pi^2*m2^2*R2ex1(I*rho-m2^2,-1/4*q^2)) 9 + Order(eps)

Example II: sunrise two-loop integral ∫ d^Dld^Dk 1 [(l + q)^2 − m^2_1][(l + k)^2 − m^2][k^2 − m^2_3]

code ............................................

1 #include <iostream> 2 #include "xloops.h" 3 using namespace std; 4 using namespace GiNaC; 5 using namespace xloops; 6 7 int main() 8 { 9 symbol m1("m1"), m2("m2"), m3("m3"), q("q"), eps("eps"), rho("rho"); 10 symbol x("x[0]"), y("x[1]");

11 lst NumParm(x, y), m(m1, m2, m3), t(1,1,1); 12 13 ex c = TwoLoop2Pt4(0,0, 0, 0, 0, q, m, t , rho, eps, NumParm); 14 15 ex UV = (c.op(1)).series(eps==0,4); 16 ex res1 = normal(UV.coeff(eps,-2))*pow(eps,-2) 17 + normal((UV.coeff(eps,-1)).subs(rho==0))*pow(eps,-1); 18 ex temp = (UV.coeff(eps,0)).subs(lst(q == 175, m1==175, m2==175, 19 m3==175, rho==pow(10,-15))); 20 21 ex finite = (c.op(0)).subs(lst(q == 175, m1==175, m2==175, 22 m3==175, rho==pow(10,-15))); 23 24 ex res = VNumInt(finite, 10000, 5, 100000, 5, NumParm); 25 26 cout << "The divergent part is: " << endl; 27 cout << res1 << endl;

28 cout << "Finite part at pseudo-threshold: " 29 << (res.op(0)+res.op(2)*I+temp).evalf() << endl; 30 cout << "with errors (real and imaginary part): " 31 << "+/-" << abs(res.op(1)) << "and +/-" 32 << abs(res.op(3))*I << endl; 33 }

............................................

output

1 The divergent part is: 2 3 (-1/2*Pi^4*m2^2-1/2*Pi^4*m1^2-1/2*Pi^4*m3^2)*eps^(-2)+ 4 (-3/2*Pi^4*m2^2+Pi^4*m3^2*log(Pi)+Pi^4*log(m1^2)*m1^2 5 -3/2*Pi^4*m1^2+Pi^4*m3^2*log(m3^2)+1/4*Pi^4*q^2 6 +Pi^4*m2^2*log(m2^2)+Pi^4*log(Pi)*m2^2+Pi^4*m3^2*Euler 7 +Pi^4*Euler*m1^2-3/2*Pi^4*m3^2+Pi^4*log(Pi)*m1^2 8 +Pi^4*m2^2*Euler)*eps^(-1) 9 10 Finite part at pseudo-threshold: -1.0772268158E9+51943.5*I 11 12 with errors (real and imaginary part): +/-136.3 and +/-165.7*I

Example: topology 2 T1234 =

scalar subtracted T_{1234N} = T_{1234}(p^2, m^2_1, m^2, m^2_3, m^2_4) − T_{1234}(p^2, m^2_1, m^2, 0, 0) using m_1 = 1, m_2 = 3, m_3 = 5, m_4 = 7 GeV

Example: topology 2

comparison with Bauberger et al.

Performance two-loop master integral: tensor degree

Further information:

• GiNaC homepage http://www.ginac.de (download, developer’s reference, FAQ, mailing lists)

• GiNaC Tutorial http://www.ginac.de/tutorial/ • Theses by C. Bauer, A. Frink, and R. Kreckel http://wwwthep.physik.uni-mainz.de/

→ Publication Database → diploma and doctoral theses